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Resumo
Neste trabalho são apresentadas soluções do tipo máquina do tempo numa teoria modiﬁcada
da gravitação que consiste numa extensão às chamadas teorias f(R). Nesta extensão o La-
grangeano da máteria é acoplado não minimamente com a curvatura através de uma função
arbitrária do escalar de Ricci. Este acoplamento dá origem a uma nova fenomenologia com
interessantes implicações.
Este trabalho baseia-se no artigo Ref. [1].
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Abstract
This work presents time-machine solutions in a modiﬁed theory of gravity which is an exten-
sion to the so-called f(R) theories. In this extension the matter sector in the action couples
nonminimally with the curvature through an arbitrary function of the Ricci scalar. Those
modiﬁcations give rise to a new phenomenology with several interesting implications.
This work is based in the article Ref. [1].
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1 Introduction
In late 1915, Einstein concluded one of his greatest works, General Relativity (GR). GR is one
of the great pillars of modern physics and it is based on the simple idea that the curvature of
space-time is dynamically tied up with the matter distribution. GR has been well tested in
most of its foundations [2] and it is the theory which explains, describes and predicts (almost)
all the phenomena in our biggest laboratory - the Cosmos.
Despite its extraordinary predictions and amazing acceptance with the results, nowadays,
physicists believe, for various reasons, that GR cannot be regarded as the ﬁnal theory [3].
The ﬁrst modiﬁcations to GR were presented by Weyl [4], in 1919, and Eddington [5], in
1923. However, the motivation for modifying GR increased when it was realized that it is not
compatible with Quantum Mechanics, and more speciﬁcally, with Quantum Field Theories.
Besides these theoretical arguments there are observational reasons to consider possible ex-
tensions of GR.
We have developed an amazing capability to observe far away astronomical objects. This
capacity led to new data which have shown that probably there is something either missing or
wrong in our description of the Universe.
From astrophysical and cosmological observations one concludes that much more mass is
needed in order to account for the observed structures and dynamics. One typical example is
the rotation curve of galaxies. Furthermore, from data of the Cosmic Microwave Background
radiation and of SuperNovae surveys one also infers that an invisible energy permeates the
Universe.
In fact, GR can account for all the observations. However, the price one has to pay is
to assume that the Universe is dominated by two yet unknown constituents: dark energy
(ΩDE ' 73%) and dark matter (ΩDM ' 23%). This implies that only 4% of the content of the
Universe is baryonic.
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At this point there are two equally valid possibilities to proceed. One can consider that there
are really new and unknown constituents dominating the Universe or one can assume that these
results are deviations from GR [6].
The ﬁrst option has led to several models. A prototype model is the so-called Λ cold dark
matter model (ΛCDM) that assumes the existence of a cosmological constant to account for
dark energy and weak-interacting particles (WIMPs), arising from extensions to the Standard
Model, to account for dark matter. There are also uniﬁed models of dark matter and dark
energy by means of an exotic equation of state, such as the Generalized Chaplygin gas [7, 8].
The second approach, which is the one that will be adopted in this work, consists in assuming
that those invisible components are actually deviations from GR. Obviously, there are several
ways to generalize GR. There are scalar-tensor theories, brane-world models, tensor-vector-
scalar approaches, Einstein-aether theories, etc. Moreover, there is another type of modiﬁed
theories of gravity, very connected to the work presented here, the so-called f(R) theories [9].
In f(R) theories one replaces the scalar curvature (R) in the gravitational action by an
arbitrary function of it. There are two main motivations for doing so. First, this is the simplest
way of modifying the action and, second, this replacement can account for the main features of
higher order theories of gravity. However, our attention will be focused on an extension of f(R)
theories which have received great attention recently. In that extension matter and curvature
are nonminimally coupled - NMC modiﬁed theories of gravity.
This relatively new approach does possess some new and interesting features. In NMC
theories, besides the change in the gravitational sector like in f(R) theories, one also couples
the Lagrangian density nonminimally with the curvature by an arbitrary function of the Ricci
scalar [10, 11].
NMC theories have various striking features such as the nonconservation of the energy mo-
mentum tensor which leads to the deviation from geodesic motion of test particles due to the
appearance of an extra force [11], the deviation from hydrodynamic equilibrium of stars [12],
and the breaking of the degeneracy of the Lagrangian densities which give rise in GR to the
energy-momentum tensor of perfect ﬂuids [13].
Moreover, there are already very interesting results, in this context, for the above discussed
cosmological problems. For instance, dark matter proﬁles can be mimicked in galaxies [14] and
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clusters of galaxies [15], as well as dark energy proﬁles at cosmological scales [16]. It was also
shown that one can obtain somewhat more natural conditions for preheating in inﬂationary
models [17], that the coupling between curvature and matter is equivalent, under conditions, to
an eﬀective pressure which leads, in the weak ﬁeld limit, to the generalized Newtonian potential
[18], and it can mimic, for a suitable matter distribution, a cosmological constant [19].
In the present work we address the possibility of generating closed timelike curves (CTCs)
in this speciﬁc modiﬁed theory of gravity.
A CTC is a closed worldline in space-time. This apparently simple feature has disturbing
consequences because, if there is such a curve, causality can be globally violated [20].
However, causality is an underlying principle that all physical theories should respect. A
related issue concerns the fact that microscopic systems are described by laws which are invari-
ant under time reversal. This means that one can start with some initial conditions and evolve
forward in time or, equivalently, start from future conditions and evolve the system towards the
past. Nevertheless, this is not a fundamental principle of the macroscopic world as the second
law of thermodynamics clearly gives a time direction to macroscopic systems.
But, the possibility of curving time in GR implies that causality has not to be satisﬁed. In
fact, several CTCs solutions are known in GR, the ﬁrst one discovered by Van Stockum in 1937
[21]. One can ask whether CTCs can be avoided by any physical mechanism or if CTCs are
possible without paradoxes. So far there is no complete and satisfactory answer to this topic
and this has led to conjectures such as the well known Chronology Protection Conjecture of
Stephen Hawking [22].
Nevertheless, if one wants to allow for time-travel or exchange of information between the
past and future noncausally, one needs to ensure some other properties besides the creation of
CTCs. In Ref. [23] a detailed analysis of the conditions to allow for an interstellar journey of
beings through a traversable wormhole is presented. Then in a subsequent work (Ref. [24]) it
was shown how to convert traversable wormholes into time-machines. It is known that such
conversion is not unique [25].
In GR, in order to construct those time-machine solutions, exotic types of matter, which
violate some important energy conditions, are required. The problem is that, after some quan-
tum analysis of those matter conﬁgurations, it can be proven that the CTCs become unstable
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due to several eﬀects like the Casimir eﬀect, gravitational backreaction and others [25]. Hence,
time-travel turns out to be impossible.
In the context of NMC theories, wormhole geometries have been studied for the particular
case of trivial red-shift functions [26, 27], the function that deﬁnes the g00 component of the
metric. Here one extends these results and connect them with the possibility of time-travel
through traversable wormholes.
The present work is organized as follows. In the ﬁrst chapter one present the modiﬁed theory
of gravity and some of its main features. Then, in the second chapter one discusses how the
energy conditions can lead to diﬀerent results in NMC theories, the wormhole geometry is
presented and it is shown how it can be used to generate CTCs and time-machine solutions. In
the third chapter one presents the results. Finally, in the last section one discusses the obtained
results and consider some future work on the subject.
4
2 Nonminimal matter-curvature
coupling in f (R) theories
The action for GR is given by
S =
ˆ [
1
2k
R + LM
]√−gd4x, (2.1)
where R is the Ricci scalar or scalar curvature, LM is the Lagrangian density of the matter
and k = 8piGc−4. Action (2.1) yields Einstein's ﬁeld equations.
In f(R) theories [9] this action is changed by replacing the scalar curvature by an arbitrary
function of R as follows:
S =
ˆ [
1
2k
f (R) + LM
]√−gd4x. (2.2)
Recently an interesting extension to f(R) theories has been proposed. This extension consists
in coupling nonminimally the matter sector with the curvature using another arbitrary function
of the scalar curvature [11]:
S =
ˆ [
1
2k
f1 (R) + (1 + λf2 (R))LM
]√−gd4x, (2.3)
where λ is a coupling parameter which characterizes the strength of the interaction between
curvature and matter and has suitable units. In the metric formalism and ﬁxing k = 1, the
action Eq. (2.3) yields the following ﬁeld equations [11]:
F1(R)Rµν − 1
2
f1(R)gµν = ∆µνF1(R) + 2λ (∆µν −Rµν)LMF2(R) + (1 + λf2(R))T (m)µν , (2.4)
where Fi ≡ dfi(R)dR , ∆µν ≡ ∇µ∇ν − gµν and T (m)µν is the usual stress-energy tensor of matter
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deﬁned as
T (m)µν ≡
−2√−g
δ (
√−gLM)
δ (gµν)
. (2.5)
Eq. (2.4) can be rewritten in a more conventional way by isolating the Einstein tensor,
Rµν − 1
2
Rgµν ≡ Gµν = T effµν , (2.6)
where T effµν is an eﬀective stress-energy tensor deﬁned as
T effµν =
1
F1
[(
∆µν − R
2
gµν
)
F1(R) +
1
2
gµνf1(R) + 2λ (∆µν −Rµν)LMF2(R) + (1 + λf2(R))T (m)µν
]
. (2.7)
Applying the Bianchi identity, ∇µGµν = 0, in Eq. (2.6) and using the relation
(∇ν −∇ν)Fi = Rµν∇µFi (2.8)
we obtain that the covariant derivative of the stress-energy tensor of matter does not vanish
automatically
∇µT (m)µν =
λF2
1 + λf2
[
gµνLM − T (m)µν
]∇µR. (2.9)
This is one of the most important features of the NMC theories and it has several implications.
This nonconservation implies a deviation from the geodesic motion of test particles due to the
appearance of an extra force fµ [11]:
dUµ
ds
+ ΓµαβU
αUβ = fµ, (2.10)
where Uµ is the 4-velocity. In the particular case of a perfect ﬂuid with stress-energy tensor
given by
T (m)µν = (ρ+ p)UµUν + pgµν , (2.11)
where ρ is the energy density and p is the pressure, the extra force is given by [11]
fµ =
1
ρ+ p
[
λF2
1 + λf2
(LM − p)∇νR +∇νp
]
hµν , (2.12)
where hµν = gµν + UµUν is a projection operator.
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3.1 Energy Conditions
Wormholes are not ordinary objects as their existence requires the violation of some energy
conditions.
In order to ensure that gravity is attractive Raychaudhuri's equation for the expansion of a
congruence of null or timelike geodesics deﬁned by a tangent vector ﬁeld uµ states, for the Ricci
tensor, that
Rµνu
µuν ≥ 0, (3.1)
for any hypersurface of orthogonal congruences. Using Einstein's equations, Eq. (3.1) implies
that (
Tµν − T
2
gµν
)
uµuν ≥ 0. (3.2)
This condition is the so-called Strong Energy Condition (SEC). When one considers a null
vector ﬁeld kµ, kµkµ = 0, Eq. (3.2) yields the Null Energy Condition (NEC) given by
Tµνk
µkν ≥ 0. (3.3)
If one applies the NEC, for example, to a perfect ﬂuid it yields the following condition:
ρ+ p ≥ 0. (3.4)
These are geometric considerations on the energy and pressure. On the other hand, the stress-
energy tensor of all known types of matter (at least in average for more exotic cases like the
Casimir eﬀect [28]) satisfy another energy condition, the Dominant Energy Condition (DEC)
7
3 Wormhole geometry
which is expressed by
ρ > 0 and p ∈ [−ρ, ρ]. (3.5)
This condition means that the speed of sound is not greater than the speed of light and it
implies directly the weak energy condition which, in turn, also implies the NEC.
In GR, in order to have wormhole solutions one needs to violate the NEC in a region which
contains the wormhole throat. But when the NEC is violated all the referred energy conditions
are also violated. This means that, in GR, we can only have wormholes if there are exotic
and unknown forms of matter such that, for instance, observers can perceive negative energy
densities.
In NMC theories the energy conditions were studied in Ref. [29] and the condition to have
wormhole solutions translates into
T effµν k
µkν < 0, (3.6)
at or near the throat. This is a crucial feature for our analysis because one can, in principle,
satisfy Eq. (3.6) and, at the same time, have a stress-energy tensor of matter that satisﬁes the
NEC
T (m)µν k
µkν ≥ 0 (3.7)
and even the DEC (Eq. (3.5)).
3.2 Wormhole metric
After the above energy considerations, one is now able to discuss the wormhole geometry.
We start by introducing the metric for static spherically symmetric space-times in a given
coordinate system,
ds2 = −e2Φ(r)dt2 + dr
2
1− b(r)
r
+ r2
(
dθ2 + sin2 θdφ2
)
, (3.8)
where Φ (r) and b (r) are arbitrary functions usually referred to as redshift function and shape
function, respectively. The properties of the radial coordinate r will be discussed below.
In order to have wormhole geometries one has to impose constraints on these functions. First,
one needs to have the proper shape of a wormhole which ﬂares outwardly, at least at or near
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the wormhole throat. This condition translates into the expression [23]:
b(r)− b′(r)r
b2(r)
> 0. (3.9)
Inequality Eq. (3.9) is responsible for the violation of the NEC in GR. Moreover, in order to
have the proper length function well deﬁned and ﬁnite everywhere, it is required that [23]:
1− b(r)
r
> 0. (3.10)
Finally, the redshift function and the shape function should also satisfy the condition [23]:
(r − b(r)) Φ′(r)→ 0 as r → r0, (3.11)
which follows from the ﬁniteness of the energy density ρ (r) and b′(r) in a covariant way. If
all these conditions are veriﬁed, the radial coordinate, r, can suitably describe the wormhole.
Contrary to the proper length l, dl = dr (1− b (r) /r)−1/2, which is monotonic and vanishes at
the wormhole throat, the radial coordinate is deﬁned only in the interval [r0,+∞[ where it is
nonmonotonic with a minimum at the wormhole throat, r0. At this point there is a coordinate
singularity: b(r0) = r0.
3.3 From wormholes to time-machines
The possibility of time-travel is now discussed. That means that there are further constraints
to consider in order to make that journey physically possible. These constraints lead to the
concept of traversable wormholes.
Wormholes can connect causally disconnected regions of the universe, but if in order to
traverse the wormhole one needs to pass through horizons or singularities in between, that
would imply that even the exchange of information through that tunnel is impossible. Thus,
one must avoid those problems. In order to do that some physically meaningful functions should
remain ﬁnite everywhere and should behave properly as one approaches asymptotic ﬂat regions.
Additionally, one must ensure the stability of the solution in order not to disrupt the wormhole
as it is traversed by. Finally, there are other quantitative conditions speciﬁc to human travelers.
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These concern forces and tidal forces felt by the traveler, and the duration of the hypothetical
trip both for him and for a waiting observer. That analysis was discussed in great detail in Ref.
[23].
These features characterize a traversable wormhole. Once they are obtained, time-travel can
become possible.
There are various possibilities for allowing such a scenario. For instance, following Ref. [24],
one can convert traversable wormholes in time-machines by accelerating one of the wormhole
mouths close to the speed of light and then revert its motion to its original location. That accel-
eration can be produced electrically or gravitationally. This particular procedure is described,
within the accelerated wormhole and outside but near its mouths, by the following metric
ds2 = − (1 + g (t) lF (l) cos θ) e2Φdt2 + dl2 + r2 (dθ2 + sin2 θdφ2) , (3.12)
where l is the proper length, Φ is the same redshift function, F (l) is a form factor that
localizes the acceleration in one of the wormhole mouths and g (t) is the acceleration of that
mouth as measured by its own asymptotic frame. This acceleration has to satisfy some of the
referred conditions in order to keep the wormhole traversable and stable. But the subtle point
here is that there are no additional constraints on the geometry.
Nevertheless, this procedure is not unique, and in Ref. [25] other possibilities are presented.
In summary, one can say that in order to produce time-machines there are three fundamental
steps: build a traversable wormhole, produce a time-shift between the two wormhole mouths
and bring the mouths close together adiabatically.
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f (R) theory of gravity
4.1 Speciﬁc Case: f1(R) = f2(R) = R
Given the theoretical foundations discussed above, let us follow the procedure to set up time-
machines. It is required to solve the ﬁeld equations, given by Eq. (2.4), and to verify whether
time-machines are possible. However, this is rather complex to proceed and simpliﬁcations
are needed. Following Ref. [27], one assumes that: f1(R) = f2(R) = R. Therefore, the
gravitational sector is not changed and GR should be recovered when the coupling parameter
vanishes: λ→ 0.
Furthermore, it is assumed as a source a perfect ﬂuid with stress-energy tensor given by
Tµν = (ρ+ pt)UµUµ + ptgµν + (pr − pt)χµχν , (4.1)
where Uµ is the 4-velocity, χµ is the unit spacelike vector in the radial direction, i.e., χµ =√
1− b(r)
r
δµr, ρ(r) is the energy density, pr(r) is the radial pressure measured in the direction
of χµ and pt(r) is the tangential pressure measured in the orthogonal direction to χ
µ. An
important detail in NMC theories is that the ﬁeld equations depend explicitly on the Lagrangian
of matter. However, there are several Lagrangians which can give rise to the stress-energy tensor
of a perfect ﬂuid [13]. Here, it is chosen LM = −ρ [12].
Once the metric, the Lagrangian density and the functions f1, f2 are speciﬁed, Eq. (2.4)
turns into:
Gµν = (1 + λR)T
(m)
µν + 2λ (ρRµν −∆µνρ) . (4.2)
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Eq. (4.2) together with the wormhole metric Eq. (3.8) allows us to compute the Ricci scalar
[1]:
R =
2b′
r2
− 2
(
1− b
r
)[
Φ′′ +
Φ′
r
(
2− b
′r − b
2r(1− b
r
)
)
+ (Φ′)2
]
. (4.3)
Inserting Eq. (4.3) back into Eq. (4.2) leads to three independent gravitational ﬁeld equations
involving ﬁve unknown functions of r, i.e., ρ(r), pr(r), pt(r), b(r),Φ(r)
b′
r2
+ 2λ
(
1− b
r
)[
ρ′′ +
ρ′
r2
(
2r − b
′r − b
2
(
1− br
))]− ρ(1 + 2λb′
r2
)
= 0, (4.4)
prλ
(
2b′
r2
− 2
(
1− b
r
)[
Φ′′ +
Φ′
r
(
2− b
′r − b
2r
(
1− br
))+ (Φ′)2])+ b
r3
+2λρ
(
b′r − b
r2
[
Φ′
2
+
1
r
]
−
(
1− b
r
)[
(Φ′)2 + Φ′′
])
+
(
1− b
r
)(
2Φ′
r
+ 2λρ′
(
Φ′ +
2
r
))
= 0, (4.5)
ptr
2λ
(
2b′
r2
− 2
(
1− b
r
)[
Φ′′ +
Φ′
r
(
2− b
′r − b
2r
(
1− br
))+ (Φ′)2])+ 2λρ(b′r + b
2r
− rΦ′
(
1− b
r
))
− b
2r
+
b′
2
−r2
(
1− b
r
)[
Φ′′ +
Φ′
r
(
1− b
′r − b
2r
(
1− br
))+ (Φ′)2 − 2λ(ρ′′ − ρ′( b′r − b
2r2
(
1− br
) − 1
r
− Φ′
))]
+prr
2 = 0. (4.6)
Without further assumptions, Eq. (4.4) can be solved for b (r) [26],
b(r) =
[ˆ
reg(r) (−ρr + 2λρ′′r + 4λρ′)
λ (ρ′r + 2ρ)− 1 dr + C
]
(4.7)
where C is an integration constant and g(r) is an auxiliary function deﬁned as
g(r) = λ
ˆ
3ρ′ + 2ρ′′r
λ (ρ′r + 2ρ)− 1dr. (4.8)
However, the two remaining diﬀerential equations are rather complex. One interesting pos-
sibility is to consider the simpliﬁed case of an isotropic pressure (pr = pt) and a simple and
plausible energy density function ρ (r) threading the wormhole.
4.2 Speciﬁc Solutions
Let us analyze the two diﬀerent cases of simple and plausible energy density functions ρ (r).
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4.2.1 Constant and localized energy density
The ﬁrst energy density threading the wormhole to consider is one constant, localized within a
region r < r2, given by:
ρ1(r) =

ρ0, r < r2
0, r > r2
, (4.9)
where r2 is an arbitrary radial coordinate which will be ﬁxed later.
Neglecting any possible issue coming from the discontinuity at r = r2 we obtain, from Eqs.
(4.7) and (4.8), the shape function:
b1(r) =

Ar3 + C1,
C2,
r < r2
r > r2
, (4.10)
where A = −ρ0/ (3 (2ρ0λ− 1)) and C1, C2 are integration constants. Imposing b1 (r0) = r0 then
C1 = r0 +
ρ0r
3
0
3(2λρ0 − 1) . (4.11)
To ensure continuity at r = r2 we ﬁx C2 as
C2 =
ρ0
3(2λρ0 − 1)
(
r30 − r32
)
+ r0. (4.12)
Thus, one can set C2 = 0 by a suitable choice of r2.
However, the shape function has to satisfy the conditions referred in Sec. 3.2. For this speciﬁc
shape function those conditions are all satisﬁed but the ﬂaring out condition which constrains
the parameters of the theory by the inequality
ρ0
(2λρ0 − 1) > −
1
r20
. (4.13)
4.2.2 Exponentially decaying energy density
The next case to be considered is an exponentially decaying energy density given by
ρ2(r) =
ρ0r0
r
e
− r−r0√
2λ . (4.14)
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This particular choice simpliﬁes considerably our problem as it is a solution of the diﬀerential
equation −ρ2r + 2λρ′′2r + 4λρ′2 = 0 which appears in the deﬁnition of b (r), Eq. (4.7). This
choice for the energy density implies a constant shape function given by
b2(r) = r0, (4.15)
due to the condition b2 (r0) = r0. The shape function obtained satisﬁes all the conditions
referred in Sec. 3.2 without further constraints.
4.3 Solution for the redshift function Φ (r) and the
pressure p (r)
4.3.1 Redshift function Φ (r)
After assuming an isotropic pressure and a given energy density ρ (r) the shape function b (r)
is obtained and one is left with Eqs. (4.5) and (4.6). Using these equations, it is possible to
eliminate the pressure and obtain a non-linear second order diﬀerential equation for the redshift
function Φ (r) given by
r
(
1− b
r
)[
(1− 2λρ)
(
Φ′′ + (Φ′)2 +
Φ′
r
)
r + [2Φ′ + 2λ (ρ′ − ρ′′r)]
]
+λρ′ (b′r − b) + (1− 2λρ)
[
3b− b′r
2r
− Φ′ b
′r − b
2
]
= 0. (4.16)
Due to the complexity of Eq. (4.16) an analytical solution is out of reach. Nevertheless, we
are only interested in two limits: the vicinity of the wormhole throat, where the NEC violation
must occur and at spatial inﬁnity, where the solution should be asymptotically ﬂat.
In the vicinity of r = r0,
(
1− b(r)
r
)
→ 0 and the diﬀerential Eq. (4.16) becomes
(1− 2λρ)
[
3b− b′r
2r
− b
′r − b
2
Φ′
]
+ λρ′ (b′r − b) = 0. (4.17)
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4.3 Solution for the redshift function Φ (r) and the pressure p (r)
For the ﬁrst case, using Eqs. (4.9) and (4.10) it follows that
Φ1(r) = log
(
C1
r3
− 2A
)
+ C3, (4.18)
where C3 is an integration constant. The condition (r − b1) Φ′1 → 0 is satisﬁed as r → r0.
In the second case, Eqs. (4.14) and (4.15) lead to the following solution
Φ2(r) = −2 log (r)− log
(
2λρ0r0e
− r−r0√
2λ − r
)
+ C5, (4.19)
where C5 is an integration constant. In order to have Φ2 (r) properly deﬁned, the condition(
2λρ0r0e
− r−r0√
2λ − r
)
> 0 has to be satisﬁed. This condition translates into the condition 2λρ0 >
1 near the wormhole throat. All the other constraints presented in Sec. 3.2 are satisﬁed for
both solutions Φ1 (r) and Φ2 (r) in this limit.
Concerning the other limit, r → +∞, the constant energy density case gives b1(r) = ρ1(r) = 0
by Eqs. (4.9), (4.10) and (4.12). We also expect that we can neglect the non-linear terms:
r (Φ′1)
2  Φ′1. Hence, Eq. (4.16) simpliﬁes to
r2Φ′′1 + 3rΦ
′
1 = 0, (4.20)
which yields the following solution for the redshift function
Φ1(r) = − C4
2r2
+ C5, (4.21)
where C4, C5 are integration constants. Setting C5 = 0 it follows that Φ1(r) → 0 as r → +∞,
as it should. It can be shown that the non-linear terms are negligible and, thus, the adopted
assumptions are consistent.
In the same limit, the second energy density decays very fast, hence, ρ2 (r) can be neglected
along with its derivatives. Moreover, the terms in b2/r can be neglected in comparison to the
unity and also (Φ′2 (r))
2 in comparison to Φ′′2 (r). Therefore Eq. (4.16) simpliﬁes to
Φ2(r) =
3r0
2r
− C6
2r2
+ C7, (4.22)
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where C5, C6 are integration constants. Setting C7 = 0 implies that Φ(r) → 0 as r → +∞, as
expected. It can be veriﬁed that the considerations in neglecting some terms are consistent.
4.3.2 Pressure p (r)
Let us now turn to the pressure. Substituting back into Eq. (4.5) the solutions obtained for the
redshift function, an algebraic equation for the pressure in each limit is found. In the vicinity
of r = r0, for the ﬁrst case considered, using ρ1 (r), b1 (r) and Eq. (4.18) and neglecting terms
in
(
1− b1(r)
r
)
, it is found
p1(r) = −
Ar3 + C1 + 2λρ0
[
2Ar3 + C1
2
][
r2 + λ
(
6Ar3 + 3C1
r
)]
r
. (4.23)
For the second case, using ρ2 (r), b2 (r) and Eq. (4.19) and neglecting terms in
(
1− b2(r)
r
)
, it
follows that
p2(r) =
λρ2 (rΦ
′
2 + 2)− 1
r( r
2
b2
− λΦ′2)
. (4.24)
Concerning the limit r → +∞, neglecting for the ﬁrst case the nonlinear terms, one obtains,
from ρ1 (r), b1 (r) and Eq. (4.21), that
p1(r) = − 2C4
r4 + 4λC4
, (4.25)
and for the second case, from ρ2 (r), b2 (r) and Eq. (4.19), that
p2(r) = −b2 + 2Φ
′
2r
2
r3
. (4.26)
In both cases the obtained pressure vanishes in the limit r → +∞.
4.4 Violation of the NEC
The problem is now completely deﬁned, but it remains to verify that the functions satisfy the
energy conditions discussed above. The NEC translates into the inequality
T effµν k
µkν < 0, (4.27)
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with kµ being a null vector which is chosen to be radial for simplicity: kµ = k0
(
1,
√
−g00
grr
, 0, 0
)
.
In the limit r → r0, where
(
1− b(r)
r
)
→ 0, the inequality Eq. (4.27) yields
(ρ+ p)
(
1 +
2λb′
r2
)
+
λ
r2
(b′r − b)
(
ρ′ +
2ρ
r
+ Φ′ (ρ+ p)
)
< 0. (4.28)
This inequality only has to be veriﬁed in a vicinity of the wormhole throat which can be as
small as required. Hence, we will consider the inequality in the throat itself, r = r0.
4.4.1 First Case: ρ1 (r)
In the ﬁrst analyzed energy density, Eqs. (4.9), (4.10), (4.18) and (4.23) lead to the following
constraint on the parameters:
r20ρ0
(
1− 2λρ0
2λρ0 − 1
)
< 1. (4.29)
If the matter threading the wormhole satisﬁes ρ0 > 0, the NEC violation is veriﬁed if
λ <
1− ρ0r20
2ρ0
or λ >
1
2ρ0
. (4.30)
Now we have to check if those conditions are compatible with the previous one, given by Eq.
(4.13). In fact, only the second condition is compatible. If one constrains the ﬂuid to satisfy
the DEC, for λ > 1/ (2ρ0), then
ρ0 >
1
2λ
(
1 +
r0√
2λ+ r20
)
. (4.31)
Therefore, one concludes that wormhole solutions are obtained if λ > 1/ (2ρ0) and for ordinary
matter if ρ0 >
1
2λ
(
1 + r0√
2λ+r20
)
. However, this is not the whole story. According to Sec. 3.3,
to transform wormhole solutions into time-machines, the solutions are required to be ﬁnite
and well deﬁned everywhere. In the previous discussion, any possible issue concerning the
discontinuity in Eq. (4.9) has been neglected and, in fact, it leads to a discontinuity in the
function b′ (r) at r = r2. The problem is that both the redshift function and the pressure,
depend on b′(r). Therefore, these functions are ill deﬁned at r = r2 and this gives rise to
problems associated with singularities, horizons or an unsuitable asymptotic behavior. Thus,
this wormhole solution is not traversable and, hence, does not allow for time-travel.
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Figure 4.1: Region in the parameter space (λ, ρ0, r0) for which the NEC is violated at the
wormhole throat.
4.4.2 Second Case: ρ2 (r)
To analyze the second case, one uses Eqs. (4.14), (4.15), (4.19) and (4.24). After inserting
these equations into Eq. (4.28) and restricting to the throat itself, one encounters a much more
evolved inequality. The region in the parameter space which violates the NEC at the throat
is presented in Fig. (4.1). However, two additional constraints must be imposed. The ﬁrst is
given by 2λρ0 > 1 and ensures that the redshift function, Eq. (4.19), is well deﬁned everywhere.
The second condition arises from imposing that our ﬂuid must satisfy the DEC. The region in
the parameter space which satisfy all the discussed conditions is depicted in Fig. (4.2).
Fig. (4.2) shows a region in the parameter space (ρ0, r0, λ) where traversable wormhole
solutions can be found using ordinary matter. An important point to subtle is that there is no
region including λ = 0 in the space of solutions. Furthermore, the functions ρ2(r) and b2(r)
are C∞ (<) functions and the redshift function and the pressure behave properly in the vicinity
of the throat and at spatial inﬁnity. Thus, it follows that Φ(r) and p(r) are well behaved
everywhere for λ > 0.
Therefore, in opposition to the previous energy density, an energy density given by Eq.
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NEC violated and DEC satisfied
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Figure 4.2: Region in the parameter space (λ, ρ0, r0) for which the NEC is violated and the
DEC is satisﬁed at the wormhole throat.
(4.14) presents no horizons and, hence, the region depicted in Fig. (4.2) constitutes the space
of traversable wormhole solutions and therefore of time-machines.
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In this work, wormhole and time-machine solutions have been obtained in the context of a
modiﬁed f (R) theory of gravity with a nonminimal coupling between curvature and matter.
This relatively new approach gives rise to some interesting features such as the nonconservation
of the stress-energy tensor of matter and deviations from the geodesic motion. These properties
lead to a rather new phenomenology.
Generating CTC solutions in General Relativity and the issue of causality have always re-
ceived great attention. In General Relativity there are several CTCs-like solutions. Neverthe-
less, these conﬁgurations seem to be quantum mechanically unstable.
Wormholes are intimately related to CTCs and time-travel. In fact, a wormhole provides the
required feature: a tunnel between past and future.
In GR it is possible to create wormholes. Nevertheless, these solutions require the violation
of the so-called Null Energy Condition, which asks for exotic and unknown forms of matter.
However, as one can see from Eq. (3.6), in NMC theories one can, in principle, create
wormholes using simple and ordinary matter. Furthermore, using previous results from the
literature, one realizes that time-machines can be generated from wormholes if some conditions
are satisﬁed. Thus, in the context of NMC modiﬁed theories of gravity, we sought for those
solutions in the simplest case of a nonminimal coupling that is proportional to the scalar
curvature R. The ﬁeld equations were then solved for a perfect ﬂuid threading the wormhole
with isotropic pressure and two diﬀerent energy densities: a constant and localized one, within
a certain region, and another that is decaying and localized near the wormhole throat.
For these energy densities, the shape function was obtained. Then, the system of equations
was solved for the redshift function and the pressure in two limits, r → r0 and r →∞, in order
to ensure the violation of the NEC and the correct asymptotic behavior.
In the ﬁrst case, wormhole solutions were obtained with a constraint on the coupling pa-
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rameter: λ > 1/ (2ρ0). Moreover, these solutions can be obtained even for ordinary matter if
ρ0 >
1
2λ
(
1 + r0√
2λ+r20
)
. However, the localized and constant energy density given by Eq. (4.9)
has an intrinsic problem as it implies an unavoidable discontinuity at an arbitrary scale. Hence,
although wormhole solutions are found, these are not traversable since the discontinuity leads
to unphysical regimes.
Concerning the second case, for the energy density given by Eq. (4.14), wormhole solutions
were obtained for the parameters (ρ0, r0) and the coupling strength (λ) within a region presented
in Fig. (4.1). Furthermore, in Fig. (4.2) is presented the parameter space where these solutions
are well deﬁned and satisfy the DEC for ordinary matter (ρ > 0). In this case, discontinuities,
horizons and ill deﬁned functions are avoided. Moreover, since the solution is obtained for
ordinary matter, it is stable.
Thus, we can conclude that, in this context, unproblematic CTCs solutions through worm-
holes were obtained. Furthermore, these solutions can be transformed in traversable wormholes
which allow for time-travel if some quantitative conditions, both for the wormhole and for the
acceleration which yields the time shift, are satisﬁed.
It is relevant to stress that, as expected, the two wormhole solutions obtained do not include
the case λ = 0, which corresponds to GR. Thus, the crucial point in generating the wormhole
solutions lies in the presence of this nonminimal coupling between the curvature and the matter.
A ﬁnal word to some future work which can be done. In this work we speciﬁed the f2 (R)
function. However, it would be very interesting to do the reverse, choose appropriate redshift
and shape functions and obtain the type of f2 (R) functions which can generate time-machine
solutions.
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